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Abstract 

A connected fc-chromatic graph G with k > 3 is said to be triangle- 
critical, if every edge of G is contained in an induced triangle of G and 
the removal of any triangle from G decreases the chromatic number of 
G by three. B. Toft posed the problem of showing that the complete 
graphs on more than two vertices are the only triangle-critical graphs. 
By applying a method of M. Stiebitz [Discrete Math. 64 (1987), 91-93], 
we answer the problem affirmatively for triangle-critical ^-chromatic 
graphs with k < 6. 

1 Introduction 

The purpose of this manuscript is to introduce the Triangle-Critical Graph 
Conjecture, which is a special case of Lovasz' Double-Critical Graph Con- 
jecture, and settle that conjecture for all /c-chromatic graphs with k < 6. 
For k < 5, the desired result follows directly from a theorem of M. Stiebitz 
(§]. We show that the method of M. Stiebitz extends so as to settle the 
Triangle-Critical Graph Conjecture for k < 6. All graphs considered in this 
manuscript are assumed to be simple and finite. The reader is referred to [i| 
for definitions of any graph-theoretic concept used but not explicitly defined 
in this manuscript. A graph G is called vertex- critical if x(G — v) < x(G) 
for every vertex v £ V(G). Clearly, every vertex-critical graph is connected. 
A critical graph G is called double- critical if the chromatic number of G de- 
creases by at least two whenever two adjacent vertices are removed from G, 
that is, for any edge xy £ E(G), we have x(G — x — y) = x(G) — 2. Clearly, all 
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complete graphs are double-critical, and L. Lovasz [Ifl conjectured that only 
the complete graphs are double-critical. M. Stiebitz 0| proved the Double- 
Critical Graph Conjecture for all double-critical fc-chromatic graphs with 
k < 5, while the conjecture remains open for k > 6. Given the difficulties 
in settling the Double-Critical Graph Conjecture it might be enlightening 
to study weaker conjectures on the same theme. For instance, if we require 
the chromatic number x(G) to decrease by two whenever we remove two 
independent edges from G, then it is straightforward to see that G is a com- 
plete graph. Similarly, if we consider removing an arbitrary edge uv and an 
arbitrary vertex w ^ {u, v}, and require the chromatic number to decrease 
by two. The aforementioned weakenings of the Double-Critical Graph Con- 
jecture are of little interest, since they are straightforward to prove and the 
proof ideas do not extend to double-critical graphs in generel. In the follow- 
ing we study a weakening of the Double-Critical Graph Conjecture, which 
does not seem to be readily solvable. 

At the graph theory meeting GT2007 held at Fredericia, Denmark, on the 
sixth to the ninth of December 2007, B. Toft posed the following weakening 
of Lovasz' Double-Critical Graph Conjecture: 

Given a /c-chromatic (k > 3) connected graph G with the property that 
any edge e is contained in a triangle, and for any three vertices x, y and z 
which induce a triangle, x{G — x — y — z) = k — 3 (we shall refer to such 
graphs as triangle- critical) . Is it true that G is the complete /c-graph? 



We shall refer to this special case of the Double-Critical Graph Conjec- 
ture as the Triangle- Critical Graph Conjecture. Clearly, any triangle-critical 
graph is vertex-critical and double-critical, and so, by theorem of M. Stiebitz 
[3J|, the Triangle-Critical Graph Conjecture is settled affirmatively for every 
k < 5. In Section El we apply the method of M. Stiebitz ^ to show that the 
only 6-chromatic triangle-critical graph is the complete 6-graph. However, 
the Triangle-Critical Graph Conjecture does not seem to be substantially eas- 
ier to settle for graphs with chromatic number greater than six. In Section 
El we shall need the following result. 

Proposition 1. Suppose G is a double-critical fc-chromatic graph, which is 
not a complete graph. Then G does not contain a complete {k — l)-graph as 
a subgraph. 

The proof of Proposition Q] is elementary and, therefore, omitted. 
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2 On triangle-critical 6-chromatic graphs 



Let [k] denote the set {1,2, ... ,k}. Any fc-colouring will, unless otherwise 
stated, by assumed to employ the colours of the set [k]. Given a colouring c 
of some graph G and a subset S of the vertex-set V{G), let c(S) denote the 
set of colours that c apply to the vertices of 5*. Two colourings C\ and c 2 of 
G are equivalent if, for all vertices u, v G V(G), Ci{u) = Ci{v) if and only if 
C2(u) = C2(v). A graph G with x(G) < 4 is said to be uniquely 4-colourable if 
any two proper 4-colourings of if are equivalent. Recall, that any ^-colouring 
may also be considered as a j-colouring for any integer j > k. 

Observation 1. 

(a) If if is a uniquely 4-colourable graph with x(if) < 3, then H G 
{K U K 2 ,K 3 }. 

(b) If if is a uniquely 4-colourable graph with n(if ) = 4, then if ~ f\~ 4 . 

Proof. (a) Suppose H is a uniquely 4-colourable graph with x(H) < 3. 
Moreover, suppose that there exists a pair of non-adjacent vertices in 
H, say u,v G if with uv ^ E{H). Let c denote some 3-colouring 
of if, and define another proper colouring d of ff as follows. For 
every vertex w G V(H )\{u, v }, define c'{w) := c{w). If c{u) = c{y), 
define c'{v) := c{v) and c'(u) := 4; otherwise, if c{u) ^ c(v), define 
c'{u) = c'{v) := 4. In any case, c and d are two non-equivalent proper 4- 
colouring of if, which contradiction the assumption that if is uniquely 
4-colourable. Thus, if must be complete, and, since x(H) < 3, we 
obtain if G {K u K 2 , K 3 }. 

(b) Let if denote a uniquely 4-colourable graph with n(H) = 4. If x(if ) < 
3, then (a) implies n(H) < 3. Thus, we must have x(H) > 4, and, since 
if is 4-colourable, indeed, x{H) = 4. Obviously, the only 4-chromatic 
on four vertices is K±. 

□ 

We denote the number of colours that c applies to the vertices of S by 
^(S*)!. Given some subset S of V(G), let T(S : G) denote the common 
neighbours of the vertices of S in G. 

In the following we let G denote an arbitrary 6-chromatic triangle-critical 
graph. 

Lemma 1. Suppose that x, y and z are three distinct vertices of G such that 
G[x,y,z] ~ K 3 . Then \c(T(x, y, z : G))\ = 3 for any proper 3-colouring of 
G — {x, y, z}. In particular, \T(x, y, z : G) | > 3. 
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Proof. Since G is 6-chromatic triangle-critical and G[x, y, z] ~ K 3 , we obtain 
x(G — x — y — z) = 3. Let c denote an arbitrary proper 3-colouring of 
G — x — y — z. Obviously, the colouring c can be extended to a proper 6- 
colouring of G defining c(x) = 4, c(y) = 5 and c(z) = 6. It is easy to see that 
in any colour-class Si for % £ [6] there must be a vertex Zi adjacent to at least 
one vertex in each of the other five colour-classees of G under the colouring 
c; otherwise, the vertices of some colour-class could be recoloured using 
the colours [6]\{z} to produce a proper 5-colouring of G. Now the three 
vertices zi,z 2 and z 3 are all adjacent to the vertices x,y and z, that is, 
{zi,z 2 ,z 3 } C T(x,y,z : G) and \c(T(x,y,z : G)) \ = 3. □ 

Theorem 1. The only 6-chromatic triangle-critical graph is the the complete 
6-graph. 

The proof of Theorem [T] follows the lines of an argument by M. Stiebitz 

!• 

Proof. Let G denote an arbitrary 6-chromatic triangle-critical graph, and 
suppose that G is not the complete 6-graph. Let {v\, v 2 , . . . , v n } denote 
the vertex set of G, and let Hi, H 2 , . . . , H r denote a sequence of induced 
subgraphs of G such that 

(i) for every i £ {1, . . . ,r}, the graph H is uniquely 4-colourable; 

(ii) for every i £ {l,...,r}, the graph Hi is of order i and V(Hi) = 
{vi, ■ ■ .,Vi}\ 

(iii) for every i E {1, . . . ,r — 1}, the graph Hi is a subgraph of H i+ i, and 

(iv) there is no uniquely 4-colourable induced subgraph of G of order r + 1 
containing H r as a subgraph. 

Now, the graph G contains an edge and so, by definition, G contains at least 
one triangle, say G[x, y, x] ~ K 3 . By Lemma 0} there exists some vertex 
w E T(x, y,z : G). Now G[x, y, x, w] ~ K^, which is a uniquely 4-colourable 
induced subgraph of G of order 4, and so r > 4. Obviously, H r ^ G, since 
X {H r ) = 4 and X (G) = 6. 

Since r > 4, it follows from Observation [Q (b), that H4 ~ K4 and so 
G[v 2 , v%, V4] ~ K3. In particular, H r contains K 3 as a subgraph. Let Vi, Vj and 
vi denote three vertices of H r with say i > j > I such that G[vi,Vj,v{\ ~ K 3 
and suppose that the vertices Vi, Vj and v\ are choosen such that / is maximal. 
Since G[v±, v 3 , v 2 ] ~ K 3 , I > 2. Now we claim that T(vi,Vj,vi : H r ) C 
V(Hi-i). If the common neighbourhood T(vi,Vj,Vi : H r ) were not a subset 
of V(Hi-i), then there would exist some vertex v q E T(vi,Vj,Vi : H r ) with 
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q > I. But then, since G[vi, Vj, v g ] ~ K 3l we would have a contradiction with 
the maximality of I. 

Let C3 denote an arbitrary proper 3-colouring of G\{vi,Vj,Vi}. Since 
is a subgraph of G\{vi,Vj,Vi}, the graph is 3-colourable. Now, it 
follows from Observation CD (a), that Hi-\ is a complete graph (on less than 
four vertices). Since T(vi,Vj,vi : H r ) C it follows that the vertices 

of T(vi,Vj,vi : H r ) induce a complete subgraph of G. 

Since H r is 4-colourable, it follows that the vertices of T(vi,Vj,vi : H r ) 
must be non-adjacent in G. Thus, the induced graph G[T(vi,Vj,vi : H r )} is 
both complete and edge-empty, which implies that the set T(vi,vj,vi : H r ) 
consists of at most one vertex. 

According to Lemma [TJ \T(vi,Vj,Vi : G)\ > 3. Thus, since \T(vi,Vj,Vi : 
H r )\ < 1, the set T(vi,Vj,vi : G)\T(vi,Vj,V[ : H r ) contains at least two 
distinct vertices, say u and v. We shall consider the graphs H u := G[V(H r ) U 
{u}} and H v := G[V(H r ) U {v}]. The maximality of r implies that either (i) 
H u is non-uniquely 4-colourable or (ii) H u is not 4-colourable, i.e., x{H u ) — 5. 
It is easily seen that if H u were 4-colourable, then it would be uniquely 
4-colourable. Thus, it must be the case that x(H u ) = 5 and, similarly, 
x(H v ) = 5. Let S := V(G)\V(H r ). If there were an edge in S^ju} or 
S^jv}, then, since G is also double-critical, we would have x(H u ) < 4 or 
x(H v ) < 4, a contradiction. On the other hand, if G[S] were edge-empty, 
then the proper 4-colouring of H r could be extended to a proper 5-colouring 
of G, a contradiction. Thus, it must be the case that u and v are adjacent in 
G, and so it follows that the set {vi, Vj, vi, u, v} induce the complete 5-graph 
in G. Now we have a contradiction with Proposition [Tj, and so it must be the 
case that G is the complete 6-graph. □ 
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